Geometric integration of a wave-vortex model by Cotter, CJ & Reich, S
Geometri integration of a wave-vortex model
C. J. Cotter

and S. Reih
Department of Mathematis, Imperial College of Siene, Tehnology and
Mediine, 180 Queen's Gate, London, SW7 2AZ
Abstrat
We introdue a Hamiltonian partile-mesh method for two-dimensional advetion
under inompressible ow elds. The method is applied to a simplied shallow-water
model, alled the weak-wave model, whih ombines slow nonlinear vortial motion
with fast linear wave propagation. The advantages of the onservative partile-mesh
method are demonstrated by means of the adiabati energy exhange between vor-
tial and wave motion. More generally, the proposed method is appliable to stable
and eÆient long-time simulations of other simplied geophysial uid models.
Key words: geometri integration, sympleti integrators, geophysial uid
dynamis, balane, exponential estimates
1 Introdution
The paper is motivated by the need for stable and eÆient long-time inte-
gration methods for simplied atmospheri uid models suh as the quasi-
geostrophi equations [12℄ and the weak-wave model of Nore & Shepherd
[9℄. The goal is to ompute time series and statistial ensembles using onserva-
tive spatial and temporal disretization methods. In this paper, we take a rst
step and suggest a onservative partile-mesh method for general advetion
in stream funtion ow. Similar to the popular vortex-in-ell (VIC) method
[4℄, our method uses Lagrangian partiles to desribe the adveted quantity
but the stream funtion is given on a grid. Following the reently proposed
Hamiltonian partile-mesh (HPM) methodology for ompressible ows [6,5℄,
we disretise the equations in spae to form a Hamiltonian ODE system whih

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an then be integrated in time using a sympleti integrator [7℄. Hene our
partile-mesh method shares the onservative nature of purely partile-based
methods suh as point vortex and vortex blob methods [4,8℄ while, at the same
time, being as eÆiently implementable as traditional partile-mesh methods.
The details of the new method are disussed in x2.
We then apply the method to a weak-wave model [9℄ in order to demonstrate
the benets of using a onservative method in the ontext of balane. The
weak-wave model used here onsists of a slow-moving advetion equation ou-
pled to a highly osillatory linear wave equation. The equations relate to the
shallow-water equations in the geostrophi limit. The notion of balane refers
to a speial region of phase spae for whih the fast wave variables are es-
sentially slaved to the state of the slow variables. It an be shown [3℄ that if
the Hamiltonian partile-mesh method is used for the weak-wave model then
the system will stay lose to balane for exponentially long times in the small
timesale separation parameter . Further, we give a tehnique for setting the
exat amount of unbalaned fast motions that will be present in the dynam-
is. For example it is possible using this tehnique to speify initial onditions
suh that the motions are entirely slow | this an be desribed as `perfetly-
balaned initial onditions'. We give a few numerial results whih illustrate
the tehnique.
2 A Hamiltonian partile-mesh method for advetion in stream
funtion ow
2.1 Bakground
Consider the equation below for the advetion of a quantity q by a veloity
eld u(x; t):
q
t
+ u:rq = 0: (1)
If the ow is 2-dimensional and inompressible (r:u = 0), then u may be
written as
u = (  
y
;  
x
)
for some salar funtion  (alled the stream funtion). Equation (1) may now
be expressed in the form
q
t
= fq;  g; (2)
where the Lie-Poisson braket f; g is dened by
ff; gg = f
x
g
y
  f
y
g
x
:
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Eq. (2) an be viewed as a non-anonial Hamiltonian system with Hamilto-
nian funtional
H =
Z
q d
2
x;
variational derivative
ÆH
Æq
=  ;
and non-anonial struture operator
J = fq; g:
Hene, eq. (2) may nally be written
_q = J
ÆH
Æq
:
This struture applies for the ase of:
 the salar advetion equation where the stream funtion has some pre-
determined form  = f(x; t),
 the 2D Euler equation where the stream funtion is obtained from q (whih
here represents the vortiity) as follows:
r
2
 = q;
and
 the quasi-geostrophi equation where the stream funtion is obtained from
q (whih here represents the potential vortiity) as follows:
(  f
0
) = q; f
0
onstant:
For more bakground, see [8℄ or [12℄.
2.2 Numerial method
Due to the non-anonial Hamiltonian struture of equation (2), onserva-
tive spatial disretizations are not available, in general. This problem an be
irumvented by going to the Lagrangian formulation of the advetion equa-
tion (1). The point vortex and vortex blob method are examples of suh an
approah (see [8℄ and [4℄). Below we desribe a mixed onservative partile-
mesh disretization that an be easily generalized to the weak-wave models
desribed in x3. The basi idea follows that of Frank, Gottwald & Reih
[6℄, Frank & Reih [5℄ for ompressible uids.
The approah of the partile-mesh method is to use a Lagrangian partile
disretisation for the q-eld and to restrit the stream funtion  to a grid.
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First, write q as a weighted sum of `blobs' entred on n Lagrangian partiles
moving with the ow:
q(x; t) =
n
X
i=1

i
(X
i
(t)  x);
where the 
i
are loal onstants representing irulation (or vortiity), X
i
=
(X
i
; Y
i
)
>
are the positions of the partiles (with dynamis to be determined
shortly) and  is some positive basis funtion (e.g. a Gaussian) whih is saled
to satisfy
Z
(x) d
2
x = 1:
Substituting into the Hamiltonian gives
H(Z) =
X
i

i
Z
(X
i
  x) (x) d
2
x; Z = (X
>
1
;X
>
2
; : : : ;X
>
n
)
>
:
The integral will shortly be approximated over a given grid. For the time being,
assume a ontinuous stream funtion  and exat evaluation of the integral.
Next onsider the skew symmetri matrix
J
A
=
0
B
B
B
B
B
B
B
B
B
B
B
B

0
1

1
: : : : : : 0 0
 
1

1
0 : : : : : : 0 0
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
0 0 : : : : : : 0
1

n
0 0 : : : : : :  
1

n
0
1
C
C
C
C
C
C
C
C
C
C
C
C
A
: (3)
This operator gives rise to the anonial equations of motion
_
Z = J
A
r
Z
H(Z)
for the vetor Z of Lagrangian partile positions. In terms of the individual
partile positions, the following equations of motion are obtained:
_
X
i
= r
?
X
i
Z
 (x)(X
i
  x) d
2
x;
where
r
?
X
i
=
 

Y
i
; 

X
i
!
>
:
This may be rewritten using integration by parts (for zero or periodi bound-
ary onditions) as
_
X
i
=  
Z
 (x)r
?
x
(X
i
  x) d
2
x =
Z
(X
i
  x)r
?
x
 (x) d
2
x;
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where
r
?
x
 = ( 
y
;  
x
)
>
= u
and so the veloity of the partile is given as a `smoothed' average value
of the ow veloity around its position, weighted by . The veloity of the
partile onverges to the loal uid veloity as the funtions  onverge to
Dira Æ-distributions. All that remains is to approximate the integral in the
Hamiltonian as a sum over a grid (whih an be done in many dierent ways).
For the example in this paper we use double-periodi boundary onditions and
evaluate the integral using the midpoint rule over an mm grid with equally
spaed grid points x
kl
so that the Hamiltonian beomes
H =

L
m

2
n
X
i=1

i
m
X
k;l=1

kl
(X
i
) 
kl
=

L
m

2
n
X
i=1

i
(X
i
)
>
 ;
where L is the domain length,  
kl
=  (x
kl
), 
kl
(X
i
) = (X
i
  x
kl
), and  ,
 are orresponding olumn vetors.
Sine the spatial disretization produes a set of Hamiltonian ODEs, a sym-
pleti time disretization should be applied [7, and referenes therein℄. The
sympleti integrator used here is the impliit mid-point rule whih requires
iteration to onvergene to remain sympleti. However, for a given stream
funtion  , the equations of motion deouple into their individual partile
ontributions so that a Newton-type iteration is very easy to implement.
As a further example, onsider the 2D Euler equation,  = r
 1
q. The inverse
Laplae-operator may be disretised on the grid (using e.g. Fourier transform
or nite-dierenes) to beome a matrix B
 1
and the Hamiltonian beomes
H =
1
2

L
m

2
X
i;j

i

j
(X
i
)
>
B
 1
(X
j
):
This gives a partile-mesh sheme for the 2D Euler equations. Changing B
 1
an give a sheme for the quasi-geostrophi equations.
The omputational eÆieny of this method for disretising the advetion
equation an be made feasible by using basis funtions whih are non-zero
only for a few grid points surrounding the partile. Some smoothing of the
basis funtions on the grid may then be neessary to make them into global
basis funtions. This an also be done in a suh a way as to keep the system
Hamiltonian by following the approah of [6℄.
This method ombines the onservative struture of the vortex methods with
the omputational advantages (suh as the speed of evaluation of the gra-
dients) of the vortex-in-ell (VIC) method. Another appealing feature of our
approah is that it allows for a oupling of Lagrangian advetion with dynami
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proesses that are more suitably dened over the xed Eulerian grid x
kl
. We
will demonstrate this below for the weak-wave model.
3 Weak-wave model
Nore & Shepherd [9℄ proposed a simplied PDE model for the shallow
water equations on an f -plane (see [12℄) very near to geostrophi balane in
whih a slowly moving inompressible ow is oupled to a quikly osillating
linear wave equation. For simpliity, we disuss a very similar model given
below:
q
t
= fq; hg; b
t
= (f
0
 )h+ q; h
t
=  b:
Here q represents the potential vortiity in the shallow-water equations, b
represents the veloity divergene (r:u) and h represents the height of the
uid layer. Several nonlinear terms in the shallow-water equations have been
dropped so that here the veloity adveting q is inompressible with stream
funtion  = h. Throughout the paper the onstant f
0
is assumed to be equal
to one and  is a small parameter whih represents the timesale separation
between the vortial q-motion and the motion in the wave modes b and h.
Note that if b
t
= h
t
= 0 for all times then the quasi-geostrophi model is
reovered:
q
t
= fq;  g;  = (  f
0
)
 1
q:
Note also that if q = 0 everywhere then the PDE redues to a linear dispersive
wave equation:
b
t
= (f
0
 )h; h
t
=  b:
The waves that propagate in this system are alled inertia-gravity waves. Of
partiular interest is the interation of these waves with areas of non-zero q.
This PDE also has a non-anonial Hamiltonian struture. In partiular, the
struture operator J is
J =
0
B
B
B
B
B

fq; g 0 0
0 0 1
0  1 0
1
C
C
C
C
C
A
and the Hamiltonian is
H = H
advetion
+H
wave
=
Z
qh d
2
x +
Z
 
b
2
2
+ f
0
h
2
2
+
jrhj
2
2
!
d
2
x:
Notie that J is a ombination of the standard Lie-Poisson braket of equa-
tion (2) and the anonial sympleti struture in (b; h)
>
. After writing z =
6
(q; b; h)
>
, the equations may then be written in the abstrat form
z
t
= J
ÆH
Æz
:
The system in the q variable is of the type desribed in x2 and so the numerial
method of x2.2 may be used. The main interest for this model is the nature
of the exhange of energy between H
wave
and H
advetion
.
4 A geometri integrator for the weak wave model
In this setion we generalize the Hamiltonian partile-mesh method of x3 to
the weak-wave model. One again the method is obtained by rst disretising
the PDE in spae to produe a Hamiltonian ODE, and then using a sympleti
method for the time stepping.
In his PhD thesis [13℄, Wirosoetisno disretised a very similar weak-wave
model using a sine-trunation of the struture operator (see Zeitlin [14℄).
However this Hamiltonian trunation is restrited to periodi boundary ondi-
tions whereas the method desribed here is appliable to more general bound-
ary onditions and grids.
To disretise the q equation, use the same method as desribed in x2.2 so that
q(x; t) =
n
X
i=1

i
(X
i
(t)  x):
The integration in the Hamiltonian is disretised on a mm double-periodi
grid using the midpoint rule and rh is replaed by Dh where the skew-
symmetri matrix D approximates the gradient (e.g. using disrete Fourier
transforms). The disrete system has struture matrix J given by
J =
0
B
B
B
B
B

J
A
0 0
0 0
m
2
L
2
I
0  
m
2
L
2
I 0
1
C
C
C
C
C
A
;
where J
A
is the nn skew-symmetri matrix (3), and I is the mm identity
matrix. The Hamiltonian is
H =

L
m

2
 
b
>
b
2
+
h
>
Bh
2
+
n
X
i=1

i
h
>
(X
i
)
!
;
where h
kl
and b
kl
represent the values of h and b at position x
kl
on the grid,
h, b are assoiated olumn vetors, and B = f
0
I  L (I is the identity matrix
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and L =  D
2
). The time-integration is done via a splitting method. The
Hamiltonian is split into H
wave
and H
advetion
with
H
wave
=

L
m

2
 
b
>
b
2
+
h
>
Bh
2
!
; H
advetion
=

L
m

2
n
X
i=1

i
h
>
(X
i
):
The system for H
wave
is
_
b = Bh;
_
h =  b;
_
X
i
= 0;
whih is a linear wave equation whih may be solved exatly. Write the time-t
ow-map of this system as 	
1;t
. The system for H
advetion
is
_
b = q(X;Y );
_
h = 0;
_
X
i
= 

L
m

2
r
?
X
i
(X
i
)
>
h:
This seond system may be numerially integrated using the impliit mid-
point method (whih is sympleti and seond-order). The method is
b
n+1
  b
n
t
=q(X
n+1=2
);
h
n+1
  h
n
t
=0;
X
n+1
i
 X
n
i
t
= 

L
m

2
r
?
X
i
(X
n+1=2
i
)
>
h;
where
X
n+1=2
i
=
X
n+1
i
+X
n
i
2
:
Note that although this involves the solution of a non-linear system, it de-
ouples into two-by-two systems for eah partile, and that after solving these
systems the time-stepping for b is expliit. Write the map for this method as
	
2;t
. A seond-order sympleti method for the whole geometri integrator
an be obtained using the Strang splitting (see e.g. [7℄) as shown below:
	
t
= 	
1;t=2
Æ	
2;t
Æ	
1;t=2
:
5 Time-sale separation and normal form results
The aim of this setion is to transform the variables into a form whih makes
the struture of dynamis more expliit. This transformation is a sympleto-
morphism (in order to preserve the Hamiltonian struture of the equations)
whih is obtained from a generating funtion in a slightly dierent way from
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usual due to the non-anonial salings in the struture matrix J . Let us rst
introdue the two vetors
X = (X
1
; X
2
; : : : ; X
n
)
>
; Y = (Y
1
; Y
2
; : : : ; Y
n
)
>
of all the x- and y-oordinates of the Lagrangian partiles. We also dene the
vetor of q-values over the grid given by
q(X;Y ) =
n
X
i=1

i
(X
i
):
The hosen generating funtion is
S =

L
m

2

b
>

h+B
 1
q(

X;Y )

+
1

n
X
i=1

i

X
i
Y
i
:
The new anonial variables


b;

h;

X;

Y

are alulated as follows:
b=

m
L

2
S
h
=

b;

h=

m
L

2
S


b
= h+B
 1
q(

X;Y );
and
X
i
= 
 1
i
S
Y
i
=

X
i
+ 
 1
i

L
m

2

Y
i

b
>
B
 1
q(

X;Y );

Y
i
= 
i
S


X
i
= Y
i
+ 
i

L
m

2



X
i

b
>
B
 1
q(

X;Y );
for i = 1; : : : ; n. Note that

X is dened impliitly in the above equations.
This transformation is a sympletomorphism so the equations in the new vari-
ables may be obtained simply by substituting them into the Hamiltonian. This
gives
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H =

L
m

2
 
b
>
b
2
+
h
>
Bh
2
+ h
>
q(X;Y )
!
=

L
m

2
0


b
>

b
2
+


h  B
 1
q(

X;Y )

>
B


h  B
 1
q(

X;Y )

2
+


h  B
 1
q(

X;Y )

>
q(X;Y )
1
A
=

L
m

2
0


b
>

b
2
+

h
>
B

h
2
 

h
>
q(

X;Y ) +
q(

X;Y )
>
B
 1
q(

X;Y )
2
+

h
>
q(X;Y )  q(

X;Y )
>
B
 1
q(X;Y )
1
A
=

L
m

2
0


b
>

b
2
+

h
>
B

h
2
 
q(

X;

Y )
>
B
 1
q(

X;

Y )
2
+ S

(

h;

b;

X;

Y )
1
A
:
To obtain the last equality we made use of
q(

X;

Y ) = q(

X;Y ) +O() = q(X;Y ) +O()
and olleted all terms of size O() and smaller into a funtion S

.
In these new oordinates the Hamiltonian onsists of a fast wave part

H
wave
=

L
m

2
0


b
>

b
2
+

h
>
B

h
2
1
A
;
a slow partile motion part

H
advetion
=  

L
m

2
q(

X;

Y )
>
B
 1
q(

X;

Y )
2
;
and a small O() perturbation. If this perturbation is zero, then the Hamilto-
nian represents unoupled separated fast wave and slow partile motion. The
eet of the oupling term on the slow and fast dynamis is of muh interest. It
an be shown that for analyti basis funtions there exists a seond sympleti
hange of oordinates
(

b;

h;

X;

Y ) = (
~
b;
~
h;
~
X;
~
Y )
for whih the fast wave energy
~
H
wave
=

L
m

2
0

~
b
>
~
b
2
+
~
h
>
B
~
h
2
1
A
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is onserved for times whih are exponentially long in 
1=n
if the wave energy
is suÆiently small (n is the number of wave frequenies present).
This result is based on the method of P

oshel [10℄ and the referenes therein,
and is desribed in detail for this partiular model in Cotter [3℄. One would
wish to extend this result to the ase for whih h and b are now ontinuous
wave elds but there are still a nite number of partiles (alled the wave-
blob model). The is not possible in general beause 
1=n
! 1 as n!1 whih
means that the exponential bound is no longer small. However it is possible
to obtain a good exponential estimate for a related 1D problem if when h
and b are initialised with analyti funtions whih are suÆiently smooth [3℄.
The result is based on a method developed by Bambusi [1℄ for the ase of
semi-linear wave equations. This extended result indiates that this property
of the semi-disretised sheme is reeting important behaviour of the PDE
it is approximating.
To interpret this result in terms of the dynamis onsider the inverse image
under  of the phase surfae
n
(
~
b;
~
h;
~
X;
~
Y ) :
~
h = 0;
~
b = 0
o
:
This inverse image in the untransformed oordinates is alled the slow manifold
whih is invariant for exponentially long times. On the slow manifold the
dynamis of h and b are determined entirely by the slow variables. More
generally onsider the family of tori given by the inverse image of the phase
surfae:
M
r
=
8
<
:
(
~
b;
~
h;
~
X;
~
Y ) :

L
m

2
0

~
b
>
~
b
2
+
~
h
>
B
~
h
2
1
A
= r
9
=
;
:
For small enough r, these tori are very `stiky'; i.e. if the system is initialised
on suh a torus then the evolution will remain exponentially lose to the torus
for exponentially long times. The dynamis now looks like fast small-amplitude
nonlinear osillations about a slow mean trajetory in phase spae.
6 Appliation of result to numerial integration
The normal form results also extend to the fully disretised model. As the
time-integrator is sympleti, it represents the solution of the problem with a
modied Hamiltonian whih diers by O(t
2
) from the original Hamiltonian.
This modied Hamiltonian also has a slow manifold whih onverges to the
original slow manifold as t onverges to 0. This means that the long time
exhange of energy between the slow and fast variables has the same properties
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as the semi-disretised system (see e.g. Reih [11℄). The modied equations
also have `stiky' tori entered on the slow manifold whih onverge to the tori
in the original system. If a non-sympleti time integrator were used then the
wave energy in the transformed variables would either deay or grow in time
and the numerial method would not have the orret long-time properties;
i.e. the tori will no longer be `stiky'.
A useful appliation an be made from this result. Consider the time-dependent
Hamiltonian
H =

L
m

2
 
b
>
b
2
+
h
>
Bh
2
+ f(t)h
>
q(X;Y )
!
;
where f is a smooth funtion whih satises
f ! 0 as t!  1; f ! 1 as t!1;
suh as
f(t) =
1
2
(1 + tanh(t)) :
This means that for large negative times, the system is just a set of unoupled
wave equations, and for large positive times we reover the partile-mesh weak-
wave model. The idea here is to gradually inrease the oupling up from zero
to keep the b and h elds balaned. This is a method whih is often used on an
ad ho basis, but the disussion whih follows shows that here this embedding
tehnique has a rigorous foundation.
This system an be reinterpreted as a time-dependent Hamiltonian system by
introduing onjugate variables s and e whih vary on the slow timesale; i.e.
0
B

_e
_s
1
C
A
=
0
B

0 
  0
1
C
A
0
B

H
e
H
s
1
C
A
;
and by introduing the extended Hamiltonian:
H =

L
m

2
 
b
>
b
2
+
h
>
Bh
2
+ f(s)h
>
q(X;Y )
!
  e:
Note that s = t if s(t
0
) = t
0
for some initial value t
0
. For this problem we
introdue a hange of variables by the extended generating funtion

S =

L
m

2

b
>

h+ f(s)B
 1
q(

X;Y )

+
1

n
X
i=1

i

X
i
Y
i
+
1

es:
In a similar way to before, this brings about a hange of oordinates given
below:
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b=

m
L

2
S
h
=

b;

h=

m
L

2
S


b
= h+ f(s)B
 1
q(

X ;Y );
and
X
i
= 
 1
i
S
Y
i
=

X
i
+ 
 1
i
f(s)

L
m

2

Y
i

b
>
B
 1
q(

X;Y );

Y
i
= 
 1
i
S


X
i
= Y
i
+ 
 1
i
f(s)

L
m

2



X
i

b
>
B
 1
q(

X;Y );
for i = 1; : : : ; n, together with
e= 
S
s
= e + f
0
(s)B
 1
q(

X;Y );
s= 
S
e
= s:
This oordinate hange transforms the Hamiltonian to the form

L
m

2
0


b
>

b
2
+

h
>
B

h
2
 
q(

X;

Y )
>
B
 1
q(

X;

Y )
2
+ R

(

h;

b;

X;

Y e; s)
1
A
  e:
This is now in a very similar form to before, and the result of the previous
setion extends to this system; i.e. there exists a hange of oordinates

(

h;

b;

X;

Y ; e; s) = (
~
h;
~
b;
~
X;
~
Y ; ~e; ~s)
for whih the fast wave energy
~
H
wave
=

L
m

2
0

~
b
>
~
b
2
+
~
h
>
B
~
h
2
1
A
is again onserved for exponentially long times. Note that that for early times
when f(s) = 0, the Hamiltonian satises H = H
wave
and so the transforma-
tion due to

S and the seond transformation

 are both equal to the identity
(beause H
wave
is already onserved in the original variables). Note also that
for late times with f(s) = 1, the system reverts to the original weak-wave
system desribed in this paper, and the transformation due to

S is the same
transformation desribed in x5. This means that by using this embedding teh-
nique it is possible to obtain initial onditions for the weak-wave model where
the exat amount of onserved wave energy in the transformed oordinates
is known, even though it is not possible to alulate the value of these o-
ordinates exatly. In partiular, if the wave energy is initialised at zero for
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